Steinberg representation of GSP4: Bessel models and integral representation 

of L-functions 

Ameya Pitale0 

Abstract. We obtain explicit formulas for the test vector in the Bessel model and derive the criteria for 
existence and uniqueness for Bessel models for the unramified, quadratic twists of the Steinberg represen- 
tation TT of GSp4(F), where F is a non-archimedean local field of characteristic zero. We also give precise 
criteria for the Iwahori spherical vector in tt to be a test vector. We apply the formulas for the test vec- 
tor to obtain an integral representation of the local L-function of tt twisted by any irreducible, admissible 
representation of GL2(-F). Together with results in [4] and [11], we derive an integral representation for 
the global L- function of the irreducible, cuspidal automorphic representation of GSp4(A) obtained from a 
Siegel cuspidal Hecke newform, with respect to a Borel congruence subgroup of square-free level, twisted by 
any irreducible, cuspidal, automorphic representation of GL2(A). A special value result for this L-function 
in the spirit of Deligne's conjecture is obtained. 

1 Introduction 

It is known that the representation of the symplectic group obtained from a Siegel modular form is non- 
generic, which means that it does not have a Whittaker model. Consequently, one cannot use the techniques 
or results for generic representations in this case. In such a situation one introduces the notion of a generalized 
Whittaker model, now called the Bessel model. These Bessel models have been used to obtain integral 
representations of L-functions. It is known that an automorphic representation of GSp4(A), where A is the 
ring of adeles of a number field, obtained from a Siegel modular form always has some global Bessel model. 
For the purposes of local calculations it is often very important to know the precise criteria for existence of 
local Bessel models and explicit formulas. In this paper, we wish to investigate Bessel models for unramified, 
quadratic twists of the Steinberg representation tt of GSp4(i^), where F is any non-archimedean local field 
of characteristic zero. 

Let us first briefly explain what a Bessel model is. Detailed definitions will be given in Sect. [31 Let F be 
a non-archimedean field of characteristic zero. Let U{F) be the unipotent radical of the Siegel parabolic 
subgroup of GSp4(F) and 9 be any non-degenerate character of U{F). The group GL2{F), embedded in 
the Levi subgroup of the Siegel parabolic subgroup, acts on U{F) by conjugation and hence, on characters 
of U{F). Let T{F) — StabcLsl-F) (^)- Then T{F) is isomorphic to the units of a quadratic extension L of 
F. The group R{F) = T{F)U{F) is called the Bessel subgroup of GSp4(F) (depending on 9). Let A be 
any character of T{F) and denote by A (g) the character obtained on R{F). Let (tt, V) be any irreducible, 
admissible representation of GSp4(F). A hnear functional /3 : ^ C, satisfying f3{'K{r)v) = (A (g) 9){r)(3{v) 
for any r S R{F),v S V, is called a (A, 6')-Bessel functional for tt. We say that tt has a (A, 6')-Bessel model 
if TT is isomorphic to a subspace of smooth functions B : GSp4(F) C, such that B{rh) = (A (g) 9){r)B{h) 
for all r e R{F), h G GSp4(i^). The existence of a non-trivial Bessel functional is equivalent to the existence 
of a Bessel model for a representation. If tt has a non-trivial (A, 0)-Bessel functional (3, then a vector v G V 
such that P{v) 7^ is called a test vector for f3. 

In [13j . the authors have obtained, for any irreducible, admissible representation tt of GSp4(i^), the criteria 
to be satisfied by A for the existence of a (A, 0)-Bessel functional for tt. Their method involves the use of 
theta lifts and distributions. The uniqueness of Bessel functionals has been obtained in for many cases, 
in particular for any tt with a trivial central character. In [19j . a test vector is obtained when both the 
representation tt and the character A are unramified. In [T5], a test vector is obtained when F = Qp,p is odd 
and inert in the quadratic field extension L corresponding to T(Qp), the representation tt is an unramified, 
quadratic twist of the Steinberg representation and A has conductor 1 + pOL- The explicit formulas of the 
test vector in the above two cases have been used in [3] and (TS] to obtain an integral representation of the 
GSp4 X GL2 L-function where the GL2 representation is either unramified or Steinberg. 
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The main goal of this paper is to obtain exphcit formulas for a test vector whenever a Bessel model for the 
unramified, quadratic twist of the Steinberg representation of GSp4(-F) exists. In addition to obtaining these 
formulas, we, in fact, obtain an independent proof of the criteria for existence and uniqueness for the Bessel 
models. We also give precise conditions on the character A so that the Iwahori spherical vector in tt is a test 
vector in Theorem 13.21 The methods used here are very different from those in [5] and [13j . 

When the Iwahori spherical vector is a test vector, we use the explicit formula for the test vector to obtain 
an integral representation of the local i-function L(s, tt x r) of the Steinberg representation tt of GSp4(i^), 
twisted by any irreducible admissible representation r of GL2(-F'). This integral involves a function B in 
the Bessel model of tt and a Whittaker function in a certain induced representation of GU(2, 2) related 
to T. We wish to remark that in this paper, and other works ([3], [TU], [H], [H]), the Bessel function 
B is always chosen to be a "distinguished" vector (spherical if tt is unramified and Iwahori spherical if 
TT is Steinberg) which has the additional property of being a test vector. With this choice of B we have a 
systematic way of choosing (see [H] ) so that the integral is non-zero and gives an integral representation 
of the i-function. The work so far suggests that to obtain an integral representation for the L-function with 
a general irreducible, admissible representation vr of GSp4(F), we will have to choose B to be both a 
"distinguished" vector in the Bessel model of tt and a test vector for the Bessel functional. This further 
highlights the importance of obtaining more information and explicit formulas for test vectors for Bessel 
models of GSp4(i^). This is a topic of ongoing work. 

The local computation mentioned above, together with the archimedean and p-adic calculations in [1] and 
[llj . we obtain an integral representation of the global L-function L{s,tt x t) of an irreducible, cuspidal, 
automorphic representation tt of GSp4(A), obtained from a Sicgel cuspidal newform with respect to the Borel 
congruence subgroup of square-free level, twisted by any irreducible, cuspidal, automorphic representation 
T of GL2(A). When r corresponds to an elliptic cusp form in Si{N,x), we obtain algebraicity results for 
special value of the twisted L- function in the spirit of Deligne's conjecture [3]. 

The paper is organized as follows. The first half of the paper deals with the existence and uniqueness of 
Bessel models. In Sect. [51 we give the basics regarding the non-archimedean setup, Steinberg representation 
and the Iwahori Hecke algebra. The Steinberg representation is characterized as the only representation with 
a unique Iwahori spherical vector. We define B{A, OY to be the space of smooth functions on GSp4(F) which 
are right invariant under the Iwahori subgroup I and transform on the left according to 6. In Sect. 13.11 
13.41 we obtain that dim(i?(A, 0)^) < 1 (the uniqueness), the criterion for dim(i?(A, 0)^) — 1 and the explicit 
formula for the unique (up to scalars) function B in i?(A, 0)'. The methods used here are similar to those in 
|15) . In case A is a unitary character such that dim(i?(A, OY) ~ 1, we use the function B to generate a Hecke 
module Vb- We show that Vb is irreducible and has a unique (up to a constant) vector which is Iwahori 
spherical, hence implying that Vb is a (A, 6')-Bessel model for the Steinberg representation. In case A is not 
unitary (this can only happen when L is split over F), we use the fact that the Steinberg representation, 
in the split case, is generic and actually show that any generic, irreducible, admissible representation of 
GSp4(i^) has a split Bessel model. We believe that this result is known to the experts but since it is not 
available in the literature we present the proof in details. This is done is Sect. 13.51 in particular Theorem 
13.21 Let us remark here that many of the results in Sect. [3] involve a lot of computations. In the interest of 
brevity and to avoid distraction from the main point, we have sometimes illustrated the calculations for one 
case and left the other cases to the reader. For all the detailed computations, we refer the reader to a longer 
version of this manuscript available on our homepage. 

In the second half of the paper, we give the application of the explicit formula of the test vector. In Sect. [H 
we obtain an integral representation of the L-function of the Steinberg representation twisted by any GL2 
representation in Theorem 14. II In Theorems 15. II and 15. 2( we obtain an integral representation for the global 
i-function and a special value result. 

The author would like to thank Ralf Schmidt for all his help, in particular, for explaining how to obtain a 
Bessel model from a Whittaker model in the split case. The author would also like to thank Abhishek Saha 
for several fruitful discussions on this topic. 
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2 Steinberg representation of GSp4 



Non-archimedean setup 

Let be a non-archimedean local field of characteristic zero. Let o, p, nj, g be the ring of integers, prime ideal, 
uniformizer and cardinality of the residue class field o/p, respectively. Let us fix three elements a, 6, c S F 
such that d := b'^ — iac ^ 0. Let 

'' F{Vd) if 

F®F ifde F" 



In case L = F (B F, we consider F diagonally embedded. If i is a field, we denote by x the Galois conjugate 
oi X G L over F. li L = F (B F, let {x, y) — {y, x). In any case we let N{x) = xx and tr(a;) — x + x. We 
shall make the following assumptions: 

(Al) a, 6 g and c e 0^ . 

(A2) If d ^ i^^^, then d is the generator of the discriminant of L/F. U d e F^^, then d e . 



We set the Legendre symbol as follows. 




if d ^ F^"^, d ^ p (the inert case), 

if d ^ F^^, d e p (the ramified case), (2) 
if d e (the split case). 



If L is a field, then let Ol be its ring of integers. If i = F(BF, then let Ol = offio. Let wl be the uniformizer 

) if i is 

b + Vd 



of Ol if L is a field and set zul = (nj, 1) if L is not a field. Note that, if {^) ^ — f , then N{vjl) G vjo^ . Let 
a e Oi, be defined by 



2c 

6 + Vd b - Vd 
2c ' 2c 



if i is a field, 

(3) 

if L= F ® F. 



We fix the following ideal in Ol, 



PL if(f)=-l, 
^■.^P0L='{ Pi if(f)-0, (4) 

3®p if(f)-l. 

Here, pi is the maximal ideal of when L is a field extension. Note that 'P is prime only if (y) = —1. We 
have «P" n = p" for all n > 0. Let us recall Lemma 3.1.1 of [10]. 

2.1 Lemma. Let notations he as above. 

i) The elements 1 and a constitute an integral basis of L/F. 
a) There exists no x £ o such that a + a; e *p. 

Steinberg representation 

Let us define the symplectic group H — GSp4 by 

H{F) := {g G GL4(F) : 'gjg = /X2(ff)J, ^2(3) e F><}, 
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where J ■ 



-I2 



subgroup as follows, 



The maximal compact subgroup is denoted by := GSp4(o). We define the Iwahori 
I := {5 e ■■ 9 



* * * 

* * * :^ 

0** 

* 



(mod p)}. 



(5) 



Let 57 be an unramified, quadratic character of . Let tt be the Steinberg representation of H{F), twisted 
by the character fi. This representation is denoted by riStGSp4- Si'^ce we have assumed that ft is quadratic, 
we see that tt has trivial central character. The Steinberg representation has the property that it is the 
only representation of H{F) which has a unique (up to a constant) Iwahori fixed vector. The Iwahori Hecke 
algebra acts on the space of I-invariant vectors. We will next describe the Iwahori Hecke algebra. 



Iwahori Hecke algebra 

The Iwahori Hecke algebra Hi of H{F) is the convolution algebra of left and right I-invariant functions on 
H{F). We refer the reader to Sect. 2.1 of [TT] for details on the Iwahori Hecke algebra. Here, we state the 
two projection operators (projecting onto the Siegel and Klingen parabolic subgroups) and the Atkin Lehner 
involution. The unique (up to a constant) Iwahori fixed vector wq in tt is annihilated by the projection 
operators and is an eigenvector of the Atkin Lehner involution. 



Here 



Sl 



1 W 
1 



7r(77o)wo = ^va 
"1 

1 





E 






1 




1 




1 




1 





1 

—w 1 



)wo + 7r(si)uo = 



V 1 



)vq + 7r(s2)wo = 0. 



(6) 
(7) 
(8) 



and w 



-17(CC7) 



(9) 



w 



3 Existence and uniqueness of Bessel models for the Steinberg representation 



Let us fix an additive character of F, with conductor 0. Let a, 6 € and c e 0^ be as in Sect. [2 and set 



S 



a b/2 
b/2 c 



Let 



Then defines a character 9 on U (F) = { 

T{F) := {g E GL2{F) : 'gSg = det{g)S} 



I2 X 
I2 

V'(tr(5X)). 



'X = X} by 



(10) 
(11) 
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"6/2 c 
-a 6/2 

isomorphic to L^, with the isomorphism given by 



Set ^ 



and F{^) = {x + : x,y e F}. Then, it can be checked that T{F) = F(C)'' and is 



x+^y cy 



x + y^, 



—ay X 

We consider T{F) as a subgroup of H{F) via 

T(F) 9 g ^ 



{x + y^,x-y 2 



det(5)*.g- 



if L is a field; 
if L = F®F. 



(12) 



Let = T{F)U{F). We call the Bessel subgroup of (with respect to the given data a, 6, c). 

Let A be any character on that is trivial on F^. We will consider A as a character on T{F). We have 
9{t^^ut) = 9{u) for all u £ U{F) and t e T{F). Hence the map tu i-> A{t)9{u) defines a character of R{F). 
We denote this character by A (g) 0. 

As mentioned in the introduction, a linear functional f3 : V C, satisfying /3(7r(r)w) = (A (g) 0){r)(3{v) for 
any r e R{F), v V, is called a (A, 6')-Bessel functional for vr. We say that tt has a (A, 0)-Bessel model if tt 
is isomorphic to a subspace of smooth functions B : H{F) C satisfying 



B{tuh) ^ K{t)e{u)B{h) for all t e T{F), u e U{F), h e 



(13) 



The existence of a non-zero (A, 6')-Bessel functional for tt is equivalent to the existence of a non-trivial (A, 9)- 
Bessel model for vr. If tt has a non-zero (A, 0)-Bessel functional /3, then the space {By : v e Tr,By{h) := 
/3{TT{h)v)} gives a non-trivial (A, 6')-Bessel model for tt. Conversely, if tt has a non-trivial (A, (?)-Bessel model 
{By : V G tt} then the linear functional f3{v) :— By{l) is a non-zero (A, 6')-Bessel functional for tt. We say 
that u S TT is a test vector for a Bessel functional f3 if /3(w) ^ 0. Note that a vector w S tt is a test vector for 
/3 if and only if the corresponding function By in the Bessel model satisfies By{l) ^ 0. 

Define the space B{A,9Y of smooth functions B on H{F) which are right I-invariant, satisfy (fT3|) and the 
following conditions, for any h G H{F), obtained from (O-®, 



1 w 

[uGo/p 

B{hT]o)^ujB{h), 
"1 



1 

— w 1 



) + B(/isi) 0, 



1 



1 



B(/tS2) =0. 



(14) 
(15) 
(16) 



Our aim is to obtain the criteria for existence and uniqueness for (A, 0)-Bessel models for tt. Let us state 
the steps we take to obtain this. 



i) Since a function B in B{A,9Y is right Linvariant and satisfies we see that the values of B are 
completely determined by its values on double coset representatives R{F)\H{F)/l. We obtain these 
representatives in Proposition 13.31 

ii) In Proposition 13.81 we use the I-invariance of B and P^ - (|16p to obtain necessary conditions to be 
satisfied by the values of functions in B{A,9Y on double coset representatives for R{F)\H{F)/l. This 
gives us dim(S(A,0)i) < 1 in Corollary[SH 

iii) In Proposition [SUni we show that the function B with the given values at double coset representatives 
for R{F)\H{F)/1 (obtained in Proposition [S?!]) is well-defined. We show that B satisfies ^ 
and fTB]) for all values of h e F[{F) and obtain the criteria for dim(i?(A, 9Y) = 1 in Theorem 13. II 



5 



iv) Suppose A is such that dim(_B(A, 0)^) = 1. If A is unitary then we use ^ B E B{A,9Y to generate 
a Hecke module Vb ■ We define an inner product on Vb and show in Proposition 13.141 that Vb is 
irreducible and provides a (A, 6')-Bessel model for tt. If A is not unitary (this can happen only if L is 
a split extension of F), then we show that any irreducible, generic, admissible representation of H{F) 
has a split (A, 6')-Bessel model. Since tt is generic in the split case, we obtain in Theorem l3.2l the precise 
criteria for existence and uniqueness of a (A, 0)-Bessel model for tt. 



3.1 Double coset decomposition 

From (3.4.2) of [3], we have the following disjoint double coset decomposition, 
where 

h{l, m) 



It follows from the Bruhat decomposition for Sp(4, o/p) that 



1 

X 1 



1 -X 
1 



SiIU □ 

a;Go/p 



1 X 
1 

1 



1 



S2IU □ 

x,yeo/p 



1 

X I y 
1 -a; 
1 



^ u 

x,yeo/fi 



^ u 

x,y,z£o/f 



1 X y 

1 y 
1 

1 

1 X y 

I y z 
1 

1 



S2S1IU y 

x,y,z£o/p 



1 y 

X 1 y xy + z 

1 -X 

1 



S1S2S1I 



S2S1S2IU |_J 

w,x,y.zE o/p 



I X y 

w 1 wx + y wy + z 
1 —w 
1 



SlS2SlS2l- 



Note that VF*^^^ is the set of representatives for {l,si}\iy. Observing that h{l, 



is contained in R{F), we get a preliminary (non-disjoint) decomposition 



1 00 
loo 
1 

1 



(17) 



(18) 



S1S2I (19) 



(20) 



(21) 



Let W = {1, si, S2, S1S2, S2S1, S1S2S1, S2S1S2, S1S2S1S2} be the Weyl group of Sp4(F) and set 

W^(l) ={l,S2,S2Sl,S2SlS2}. (22) 



R{F)h{l,m)K" = y (^R{F)h{l,m)slU R{F)h{l,m)WyjSisI 



(23) 



where, for w G o/p, we set 



W,„ = 



1 

w 1 



1 —w 
1 



The next lemma gives the condition under which the two double cosets of the form R{F)h{l,m)sl and 
R{F)h{l,m)WwSisl are the same. 
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3.1 Lemma. Forw G o/p andm> 0, set f3^ := avj'^''' + bw"^w + cw^ . Let s G W'^^\ Then R{F)hil,m)sl = 
R{F)h{l,m)Wn,sisl if and only if f]^^ € o^. 



Proof. Suppose /3™ € o^. Take y = nj"^,x — n7™6/2 + cw and set g 



—ay X — i 



Let r 



9 



det(g) *(7-i 



Then 



rh{l,m) = h{l,m)WwSik^ 



where k 



cw 



-c bw"^ + cw 

l-'w 



e L 



Note that for any s G W^^\ we have s ^fcs G L Usmg rh{l,m)s — h{l,m)WwSis{s ^ks), we obtam 
R{F)h{l,m)sl = R{F)h{l,m)WioSisl, as required. 

Now we will prove the converse. For s g VF'^^-', let € R{F) be such that = {h{l,m)WwSis)~^rsh{l,m)s S 
L Then, it is possible to conclude that /3™ G . Let us illustrate the case s = 1 and w G (o/p)^. Let 

X H~ cij 

ri = " J_J./_^t__l " -, , where X =^X and g= b ■ Looking at the (2,2) coefBcient of 
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'12 X' 


det(ff)*g-\ 




I2. 



—ay 2: — 2 

Ai, we get y = vcj™y', with y' £ 0^ . We see that the (1, 2) coefhcient of Ai is equal to —^{{1, 1) coefficient 
of Ai + P'^y') which lies in p. Since diagonal elements of Ai are in 0^ and w, y' e 0^ , we can conclude that 
/3™ e 0^, as required. The other cases are done in a similar way (see [S]). ■ 

The next lemma describes for which w G o/p we have /3™ G ^ . 

3.2 Lemma. For w E o/p and m > 0, set /?™ := anj^™ + bw'^w + cw^ as above. 

i) lfm>0, tlien /3™ e 0^ if and only if w e (o/p)^. 
a) Let m — 0. 

-1, then e 0^ for every w G o/p. 



b) Let 



= 0. Let wq be the unique element of o/p such that a + wq G Pl, tie prime ideal of Ol- 
Then G 0^ if and only if w 7^ wq. In case #(o/p) is odd, one can take wq = —b/{2c). 

c) Let = f . Tiien G 0^ if and only if w 7^ ^^ir^- 

Proof. Part z) is clear. For the rest of the lemma, we need the following claim. 
Claim : We have /3° G 0^ if and only if a + w G 0^ . 
The claim follows from the identity 

a + bw -\- cw^ — —c{a + w){a + w) — —cN{a + w). (24) 



If 



-1, then pL = *p and Lemma f2.1l ii) implies that a + w E 0^ for all w G o/p. The claim gives 



ii)a) of the lemma. Let us now assume that = 0. In this case, the injective map t : ^ Ol gives 

an isomorphism between the fields o/p ~ Ol/Pl- Let wq = —L^^{a) be the unique element in o/p such 
that a + Wq € pL- In case #(o/p) is odd, then one can take wq — ~b/{2c) G since y/d G pi. Then for 
any w G o/p,w 7^ wq, we have a + w G 0^. Now, the claim gives ii)b) of the lemma. Next assume that 

^1^^ = 1. Since \fd G 0^ by assumption, we have a ^ Cp. If a + w ^ 0^ for some w G 0, then we have 
one of (6 ± \/d)/(2c) + w lies in p. Hence, we see that the only choices of w = {w, w) such that a + w ^ 0^ 
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are w = (— fc± Vd)/{2c). Note that Vd e imphes that (— 6 ± Vd)/{2c) are not equal modulo p. This 
completes the proof of the lemma. ■ 

Note that, in the case (^j^ = 0, jS!]) implies that /3°^^ e p but /3°^^ ^ by Lemma lOii). 

Next, we will show the disjointness of all the relevant double cosets. Set 



^s.t ~ {h{l, 771)3) rh{l,77i)t 
A.^^s^t = {h{l,{))s)-\h{l,Q)W^sit 



A 



10,3,1 



{h{l, 0)W^sis)~\h{l, 0)Wy,sit 



teW,s£W~{t, Sit} 
w G o/p, s,te W^'^\s^ t 
w G o/p, s,te W^-^\sy^ t 



Notice that, for all of the matrices defined above, and any r e RiF), at least one of the diagonal entries is 
zero. This implies that none of the above matrices can be in I for any choice of r e R{F). For ( ^ j =1, set 



Alt - ihil,0)W^^sis)-^rh{l,0)W^^sit 



If s 7^ i, then at least one of the diagonal entries of A* ^ is zero, implying that it cannot be in I for any choice 
of r G R{F). If s = t and A* ^ is in I, then we get 

^_^goXand -^(.-^)ep, 
2 c 2 

which is not possible, since Vrf e 0^. Hence, A* ^ cannot be in I for any choice of r G R{F). We summarize 
in the following proposition. 

3.3 Proposition. Let W be the Weyl group of Sp4(F) and W'^^'> = {1, S2, S2S1, S2S1S2}. If (^j^ = 0, let wq 

be the unique element of o/p such that a + wq £ pL- If #(o/p) is odd, then take wq = —b/{2c). Then we 
have the following disjoint double coset decomposition. 



R{F)h{l,m)K" = < 



f U R{F)h{l,7n)sl, 

sew 

U R{F)h{l,Q)sl, 

U (R{F)h{l, 0)sl U R{F)h{l, 0)W^„sisl) , 
U (R{F)h{l, 0)sl U R{F)h{l, 0)iy_,+^sis 



if m > 0; 
ifm ^0,(f) 



= -1; 



if m — 



(25) 



URiF)hil,0)W^^sisI), 



ifm = 0,(f 



= 1. 



3.2 Necessary conditions for values of i? e i3(A, 6)^ 

In this section, we will obtain the necessary conditions on the values of i? G -B(A, 6)^ on the double coset 
representatives from Proposition 13.31 using I-invariance of B and p3p - (fTO|) . 



Conductor of A: 

Let us define 

c(A) = min{m > : M^i+<^^)noi ^ ^^^^ 
Note that (1 + n 0^ = 1 + if to > 1 and (1 + «|?™) n 0^ = 0^ if m = 0. Also, c(A) is the conductor 
of A only if (^^^ = —1. Let us set c(A) — toq. Since A is trivial on F^ , we see that A|^^x_)_rp7no)no^ = 

Let us make a few observations about A and c(A). 
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i) If L is a field, then we have = {vdl).o^. If y^j = —1 and mo = 0, then we have that A(-n7i) = 1, 

since wl G vjo^. In case ^-^^ ~ and mp = 0, we see that h.{wL) = ±1- In general, if L is a field, we 
see that A is a unitary character since mo is finite. 

ii) If L is not a field, then = and A((a;,y)) = Ai(a;)A2(2/), where Ai, A2 are two characters 
of satisfying A1.A2 = 1. In this case, mo is the conductor of both Ai, A2 and the character A need 
not be unitary. 

In the next lemma, we will describe some coset representatives, which will be used in the evaluation of certain 
sums involving the character A. 

3.4 Lemma. Let m > 1. A set of coset representatives for ((0^ n o^)/(o^ is given by 



{w + aw""-^ -.we (o/p)^}U{l} 


if m 


> 2 




{w + a : w e o/p} U {1} 


if m 


= 1,1 


{w + a : w o/p, w 7^ wq} U {1} 


if m 


= 1,1 




{w + a:we o/p,w^ {-b ± Vd) / {2c)} U {1} 


if m 


= 1,1 





In the case y^j — 0, the element wq is the unique element in o/p such that wq + a ^ . 

Proof. Let x + avj"^~'^y € (0^ + qj™-!) n 0^, with x,y € 0. If m > 2, then x G 0^ . If y e p, then 
X + aw'^~^y e (0^ + Cp™), and hence corresponds to the coset representative 1. Now, let us assume that 
y £ 0^ . Then, using y £ 0^ we see that x + avj"^^^y is equivalent to x/y + avj"^^^ modulo (0^ 

Note that x/y + aru™-^^ ^ implies that, modulo p, the element x/y lies in 

(o/p)'' ifm>2, o/p if m = 1, (^^) = -1 

o/p -{wo} ifm=l, (^)=0, o/p-{(-6± Vd)/(2c)} if m = 1, (^^) = 1. (27) 

This follows from the proof of Lemma A calculation shows (see [H]) that if w, w' are equivalent, modulo 
p, to (not necessarily the same) elements in the sets defined in (|27p . then 

w = w' (modp) ^ (w + an7"-i)/(w' + acc7™-i) e o"" 

This completes the proof of the lemma. ■ 

Depending on the c(A), certain values of B have to be zero. This is obtained in the next lemma. 

3.5 Lemma. i) Let c(A) = mo > 2. Tiien 

B{h{l, m)) = for all m < mo — 2 and any I. (28) 

ii) Let c(A) = mo > 1 and (^^^ = 1. For w = {-b ± Vd)/{2c) 

B{h{l,0)Wn,si) = for all I. 

Hi) Let c(A) ^ mo ^ 0, (^-^^ ^ and A ^ n o Nl/f ■ Then 

B{h{l, 0)VK,„siS2) = for all I. 
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iv) Let c(A) = mo = and ( j = -1. Then 



B{h{l,0)) = for all I. 

Proof. Let us illustrate the proof of i) here. Let m < mo — 2. Let 1 + x + ay E 1+ sp^+i^ x,y E such 
that A(l + X + ay) ^ 1. Let 



c(l + x) + 6y cytn ™ 
—ayzu"^ c(l + x) 



c(l + x) ayw^^ 
—cyw~"^ c{l + x) + by 



e L 



Then 



B{h{l,7n)) = B{h{l,m)k) = B{ 



c(l + x) + 6y cy 
—ay c(l + x) 



c(l + x) ay 
-cy c(l + x) + 6?/ 



m)) 



= A(l + X + ay)B{h{l, m)), 

which implies that B{h{l, m)) = 0, as required. The other cases are computed in a similar manner (see [H]). 

■ 

From Lemmas 13.41 and IS.Sf i) . we obtain the following information on certain character sums involving A. 
3.6 Lemma. For any I, we have 



^ A(u; + an7™)B(/i(/, m)) + m)) = | ^^^^ J.J 



if m < mo ; 



we{o/p) 



J2 Mw + a)B{h{l,0))+B{h{l,0))^ 
A{w + a)B(h(l,0))+B{h{l,0))^ 

W^Wq 

A{w + a)B{h{l,0)) + B{h{l,0)) = 



m > mo 
if mo 

{q + l)B{h{l,0)), ifmo = 0. 



if m > 0. 



(29) 



0, ifmo>l; if(^:)=-i (30) 



0, ifmo>l; 
qB{h{l,0)), ifmo^O. V ' 



0, 



(g- l)B(/i(;,0)), ifmo = 



if mo > 1; /L\ ^ ^ 



(31) 
(32) 



Conductor of 

Since the conductor of '0 is o, we obtain the following further vanishing conditions on the values of B. 

3.7 Lemma. i) If s £ {1, si, S2, S2S1} and m > 0, then 

B{h{l,m)s)^Q ifl<0. 

a) If s E {siS2, S1S2S1, S2S1S2, S1S2S1S2} and m > 0, then 

B{h{l,m)s) = ifl<-l. 

in) If w E 0, then 

B{h{l,0)W^si) ^0 ifl<0. 
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iv) IfwiiO and s £ {siS2, S1S2S1, S1S2S1S2}, then 

B{h{l,0)W^s) = ifl<-l. 

v) If (^j^ ^1 andw= (-6± Vd)/(2c), then 

B{h{~l,0)W^siS2)=0. 

Proof. Let us illustrate the proof of i). For any e G 0^ , set 



1 e 
1 

1 



if s = 1, S2 and kl 



1 e 
1 

1 



if s = si, S2S1 



Then, for s G {1, si, S2, S2S1} and e G 0^, we obtain 

"1 

B{h{l,m)s) ^ B{h{l,m)skl) = B{ 



1 evj'- 
1 

1 



h{l,m)s) = 'ip{ctvD^)B{h{l^m)s). 



Since the conductor of is 0, we conclude that B{h{l,m)s) = if / < 0. The other cases are computed in a 
similar manner (see [H]). ■ 



Values of B using ()14p 

Substituting h = h{l,m)si in (|14p and using Lemmas 13.11 13.21 and l3. 61 we get for any 

, , ^ ^ f 0, if m < Too; 

Bm,^>i) = [ -qB{h{l,m)), if TO > TOO, 

B{h{l, 0)W^^si) + B{h{l, 0)W^-.-v^si) - -{q - l)B{h{l, 0)) if mo - 0. 



if TO > 0. 



(33) 

(34) 
(35) 



Substituting h — h(l, m)s2Si in p4p and using that the conductor of ijj is 0, we get for any /, m 

B{h{l,m)s2Si) ~ B{h{l,m)s2). 



(36) 



Substituting h — h{l,m)siS2Si in (|14p and using that the conductor of V' is 0, we get for any to > and / 



B{h{l^m)siS2Si) = B{h{l,m)siS2) 



(37) 



Let — 0. Substituting h — /i(— 1, 0)W^„siS2Si in IHl) and using that the conductor of t/; is and 

b + 2cwo G p, we get 



B{h{~l,0)W^^siS2Si) = --B(/^(-l,0)W„„siS2). 



(38) 



Let (^j^ ~ 1 and w = (^ ^ ± \fd)/{'2c). Substituting /i = h{l,G)WwSiS2Si in (|14p and using that the 
conductor of i/' is and \fd G ^ , we get for ^ 7^ — 1 



B{h{l,m)WwSiS2Si) = --B{h{l,m)WwSiS2)- 



(39) 
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Values of B using ()16p 

Substituting h = h(l, 171)32 in (|16p and using that the conductor of -0 is 0, we get for any l,m 

B{h{l, m)s2) = --B{h{l, to)). (40) 

q 

Substituting h — h(l,m)s2SiS2 in (|16p and using that the conductor of ^ is 0, we get for I ^ —1 

B{h{l,m)s2SiS2) = -^B{h{l,m)s2Si). (41) 

Let = if m > 0, w = Wo if TO = 0, (^-^^ = and u; = (-6 ± Vd)/(2c) if to = 0, (^j^ = 1. Substituting 
h = h{l, m)WwSiS2 in (fTn|) and using that the conductor of ip is 0, we get for I ^ —1 

B{h{l, m)W^siS2) = -^B{h{l, m)W^si). (42) 

Substituting h — h{l,m)WwSiS2SiS2 in ()16p and using that the conductor of V' is 0, we get for all l,m 

B{h{l,m)WnjSiS2SiS2) = -^B{h{l,m)W.uiSiS2Si). (43) 



Values of B using ()15p 

For any l,m,w we have the matrix identities 



-1 



h{l, m)s2Sir]Q = h{l — 1, to + l)siS2Si 



h{l, m)WwSiS2SiS2'qa = + 1, m)WyjSi 



h{l, m)s2SiS2rio — h{l + 1, to) 

Hence, by (fT5|) . we have 

B{h{l, m)s2Si) = wB{h{l — 1, to + l)siS2Si), 
B{h{l, m)WwSiS2SiS2) = ujB{h{l + 1, to)W^si), 
to)s2SiS2) = ujB{h{l + 1, to)). 

Using (|46p we see that 

B(/i(Z,0)M^^^siS2) =c^B(/i(/,0)W^^^siS27?o) =^5(/i(^,0)VK^^ 



(44) 



(45) 



(46) 



(47) 
(48) 
(49) 



■S2). 
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Let X = + ZD,!/ — 1, g 

identity 



x + by/2 cy 
—ay X ~ by/2 



and set r 



rh{l,Q)W^^siS2 = h{l,Q)W^^ 

2c 2c 

This gives us 



det(5)*5-\ 



Then we have the matrix 



S2fc, with k 



Vd 



w c 

-w — c 



e I. 



B{h{l,Q)W^^SlS2)^uJK{{^/d + TU, Tu))B{h{l, 0)VF_b_^SlS2). 



(50) 



Summary 

Using dSl]), gni), dH]) and JM]) we get for l,m>0 

B{h{l + 1, m)) = ~^B{h{l, m)). 

Using (1221), (1271), (gni), (gH), dUl) and we get for / > 0, m > mo - 1 



B(/i(Z,m+ 1)) = -^B[h[l,m)). 



Hence, we conclude that 



0, if Z < -1 or < TO < mo - 2; 

B{h{l,m)) = { g-''(m-mo+i)(_^g-3y^(^(0,mo - 1)), if / > and to > too - 1 > 0; 

q-'^''"{-ujq-^yB{l), if Z > and TO > Too = 0, 1. 

Let = 1 and w = (-6 ± \/d)/(2c). Using (021) and (gg), we get for ? > 



B{h{l + 1, 0)W^si) = 0)W^„si), 



which gives us 



B{h{l,0)W^si) = i-Luq-''yB{W^si). 
In addition, if too = and a;A((l,ti7)) = -1, using ^5^, (gH) and ([101), we get for ah Z > 

B{h{l,0)) = 0. 

Summarizing the calculations of the values of _B, we obtain 

3.8 Proposition. Let c(A) = too. For l,m E Z,m > 0, let us set 



. g-4(m-mo + l)(_^g-3y^ ifTOo>l; ^ 

\ (7-4m(_^^-3y^ if^^ ^ 0. \ if mo = 0. 

We have the foUowing necessary conditions on the values of B E B{A, OY 



B(/i(0,mo - 1)), ifmo>l; 



i) For m > and any too, 

a; 



B{h{l,m)) 



0, 



if I < —1 or m < Too — 2; 



(51) 



(52) 



(53) 



(54) 
(55) 
(56) 



^i.mCmoi if I > and to > mo — 1. 
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b) 

Bih{l,m)s2) = I 

I q 



if / < —1 or m < rriQ — 2; 
mC'mo) ifl > and m > mo — 1. 



c) 



d) 



B{h{l,m)s2Si) 



0, if I < —1 or m < mo — 2; 

^Ai^mCmo, ifl>0 and m > mo - 1. 



0. if / < —2 or m < mo — 2; 

i?(/i(/,m)s2SiS2) = ■( wAo.mCmo, if / = -1 and m > mo - 1; 

-■^Ai,mCmo, ifl>0 and m > mo - 1. 



iij For m > and anj mo, 

a; 



B{h{l,m)si) 



0, if Z < —1 or m < mo — 1; 

-qAi^rnCmo, if I > and m > mo. 



b) 



c) 



d) 



0, if I < —2 or m, < mo — 1; 

B{h{l,m)siS2) = { —toq^Ao^mCmoj ifl = —1 and m > mo; 

Ai^mCmoj if Z > and m > mo. 

0, if Z < — 2 or m < mo — 1; 

B{h{l,m)siS2Si) = { ujq'^Ao^mCrno; ifl = -1 and m > mo; 

-^Ai^rnCmo, if Z > and m > mo- 

0, if Z < — 2 or m < mo — 1; 

B{h{l,m)siS2SiS2) = { -(^qAo^rnCmo, ifl = "1 and m > mo; 

^Ai^rnCma i if Z > and m > mo. 

iiij Let mo > 1. 

a; If (j^^ = and s e {1 , S2, S2S1, S2S1S2}, tiien, for aJJ I, 

B{h{l,Q)W^,sis)=Q. 

b) If (^j^ = 1, s e {1, S2, S2S1, S2S1S2} and w = ^^^r^, tfien, for aJJ Z, 

B(/i(Z,0)W^sis) =0. 



ivj Let mo = 0. 



= — 1 tiien 

Co =0. 



bj Suppose (^j^ =0, tiien 
i. 

B(/i(Z,0)W»„si) 



0, ifZ<-l; 
-qAiaCo, ifl>0. 



0, if Z < -2; 

B(/i(Z,0)W^„siS2)= <( -c^g-'Co, ifZ = -l; 

AloCo, ifl>0. 
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111. 

B{h{l,0)W^,siS2Si) ^ ^ if'< -2; 

iv. 



ujq^Ai+ifiCo, ifl>-l. 

ifl<-2 
ujqAi+ifiCo, ifl>-l. 



c) Suppose (^j^ = and A = Qo Nj^jp, then 



Co = 0. 



d) Suppose (^j^ = 1. Then for s e {1, S2, S2S1, S2S1S2} 



B{h{l,0)W_,_y3Sis) = —-^^ --B{h{l,0)W_,+y3Sis). 

2Z U>A[[].,ZU)) 2j 



e) Suppose ( "^j = 1 and a;A((l, tu)) = —1. 



11. 



Co = 0. 

if I < -1; 



[ 0, if I < -] 

B{h{l,0)W^s,) = i A;,oB(W_.+v^si), ifl>0. 
I 20 

f 0, if I < -1; 

B{hil,0)W^s,S2) = _l^B^W^s,), if I > 0. 



IV. 



I 0, if I < -2 

B{h{l,Q)W^s,S2S^) = ^ -a;gA+i,oS(W-.+v^si), if / > -1 

I 2c 

V. 

{ 0, if / < -2 

B(/i(/,0)W^^5i52SiS2)= a;A+i,oB(W^5i), if / > -1 

k 2c 

f; Suppose (1^) = 1 and wK{{l,w)) ^ -1. 
i. 

E(fe(/,o)Ty-6+v^si) = 

2o 

ii. 

B(h{l,Q)W_j^sxS2) = \ q-i . ,T/>n 



0, if / < -1; 

~ l+a-A((:i,x<7)) ^',0'^0' -'f^>0. 



JiJ. 



g(l+wA((l,ro)))^ 

f 0, if / < -2; 

S(/l(/,0)W^+^SlS2Sl) = t££(9-l) . ^ .f,^ 1 

I l+a;A((l,t:=7))^'+1.0<^0, 3f/>-i. 



B{h{l, 0)VF_6+VdSlS2SlS2) 



1+wA((1,to)) 

The above proposition immediately gives us the following corollary. 

3.9 Corollary. For any character A, we have 

dira{B{K,ef) < 1. 



0, if/<-2 

-T+SferU^m.oCo, if/>-i 
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3.3 Well-definedness of B 



In this section, we will show that a function B on H{F), which is right I- invariant, satisfies and with 
values on the double coset representatives of R{F)\H{F)/l given by Proposition l3.81 is well defined. Hence, 
we have to show that 

nski = r2sk2 ^ B{riski) — B{r2sk2) 

for ri,r2 G R{F), ki, k2 G I and any double coset representative s. This is obtained in the following 
proposition. 

3.10 Proposition. Let s be any double coset representative from Proposition \3.3\ and the values B{s) be 
as in Proposition\TB Let t G T{F),u G U{F) such that s~^tus G I. Then 

A{t)e{u) = 1 or B{s) = 0. 



Proof. Let t 



det(g)*5- 



and u 



1 X 
1 



with g 



X + &y/2 cy 
—ay X — by 12 



X 



*X. First let 



s — h(l,m)s' with s' G W. If s' G {si, S1S2, S1S2S1, S1S2S1S2} then we only consider to > 0. Observe that 
X + y^ = X — ^ + cya. (In the split case, we consider the same identity with (x + y^,x — y^)). Let us 
assume s~^tus G I. For any s', we see that x±by/2 G 0^. If s' G {1, S2, S2S1, S2S1S2} we have y G p^+i and 
X + Vdy/2 G 0^ + fp™+i. If s' G {si, S1S2, S1S2S1, S1S2S1S2} we obtain G p" and x + \fdy/2 G 0^ + 
Hence, for any s', we conclude that g G GL2(o). This gives us 



l,si 



S2S1 



S1S2S1 



X G 
X G 

^Xe 



d+m+l 



S2 



pi+2m+l pi+m+1 



X G 



S1S2 



p 

X G 



p/+2m p/+m 



p/+2m p/+m+l 
pi+rn+l pi+1 



S2S1S2, S1S2S1S2 



X G 



p;+2m+l pi+m+1 
pi+m+1 pi+1 



Now looking at the values of B{h{l,m)s'), s' G W from Proposition 
A(t) = 0{u) = 1. 



we get that either B{s) — or 



We will illustrate one other case, s = h{l, Q)WwaSiS2, since it is the most complicated. Here, wq is the unique 
element of o/p such that t^o + ^ 0^. If toq > 1 or Z < —2, then we have B{s) = 0. Hence, assume that 

Too = and I > —1. Note that x + y^ — x — by/2 — cw^y + c(u>o + a)y and a + biuo + cwq G p. We see that 
s~^tus G I implies that 

y GO, X ± (- + cwojy G . 
Hence, we see that x + y^ G 0^. This implies that g G GL2(o) and K{t) = 1. We have 



1 

-Wo 1 



1 -Wo 

1 



p' p' 
p; pi+i 



If / > 0, then we get 8{u) = 1, as required. If / = —1, then let 



1 

-Wo 1 



1 -Wo 

1 



Xi X2 
X3 Xi 



, with xi,X2tX3 G vj "'^o,a;4 G 0. 



Set ei = x + (6/2 + cwo)y, 62 — x — (6/2 -I- c'Wo)y. Using the fact that X is symmetric and /S^^^ G p, we 
conclude that x^ci — ^262 G 0. Now 9{u) — ■ip{tr{SX)) is equal to 



^^ det(g) ("'-'•^ ~ '2'^^^ ~ ^^^^^ w^oa;i)) -f 6(2/02:1 + (a; Y)(a;3 + woxi)) 
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+ ciyaix2 + woxi) + {x + Y^iw^xi + wo{x2 + X3) + 2:4))^ ) 

= ^( ^g^^(g) ((^ + y )(^i/'°o + "^^4) + X2l3^^yc - xsP^^yc + (2:262 - X3ei)cwo + x^eiib + 2cwo)) ) 
= 1. 

Here, we have used that x^ei — X2t2 G 0, 6 + 2cwq G p and ^ is trivial on 0. The other cases are computed 
in a similar manner (see |;9j)- ■ 



3.4 Criterion for dim(S(A, Of) ^ 1 

In the previous sections, we have explicitly obtained a well-defined function _B, which is right I-invariant 
and satisfies (fT5| . The values of B on the double coset representatives of R{F)\H{F)/1 were obtained, in 
Proposition 13.81 using one or more of the conditions (fTH) -([TH | . To show that the function B is actually an 
element of B{A,6Y, we have to show that the conditions (fT4 |) -(fT6 |) are satisfied by B for every h e H{F). 
In fact, it is sufficient to show that B satisfies ([Ti)) - (ITC1) when h is any double coset representative of 
R{F)\H{F)/l. The computations for checking this arc long but not complicated (see PJ). We will describe 
the calculation for h = h{l,m) below. 



For w,y £ 0, w, j/ ^ 0, we have the matrix identities 



1 

w 1 



1 — w 
1 



1 

1 



1 y- 
1 



1 



1 

-w-i 1 



32 



Si 



-W 



w 

— w 

1 

1 

1 



1 

1 



1 

-w-^ 1 



(58) 



(59) 



Using ([58]) and Lemmas 13.11 13.21 13. 6| we have 

B{h{l,m)siWyjSi) + B{h{l,m)si) = ^ B{h{l,m)W^-iSi) + B{h{l,m)) + B{h{l,m)si) 



ueo/p 



weo/p 



^ B{h{l,m)Wy,si) + B{h{l,m)). 



By Proposition 13. 81 we see, for every value of mo, m, I, (^^^ , that the above quantity is equal to zero. Next, 
we have 



B{h{l, 171)7^0) = B{h{l,m) 



/l(-l,0)s2SlS2) 



— B{h{l — 1, m)s2SiS2) — ujB{h{l, m)). 
Here, we have again used Proposition 13.81 and the identities A;_i^,„ — (— tjg^)Ai^„i. Finally, using ([5^ . 



E B{h{l,m) 
yeo/p 



1 



)+B{h{l,m)s2) 
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= B{h{l,m))+ B{h{l,m) ^ ^ S2) + B{h{l,m)s2) 

s/ea/p 

= B{h{l,m))+ iiaw^^'^"'y)B{h{l,m)s2). 

y£a/p 

By Proposition 13.81 if ^ 1^ then both B{h{l,m)) and B{h{l,m)s2) are equal to zero, and if Z > 0, then 
B(h{l,m)s2) = —\/qB{h{l,ni)). Hence, in either case, the above quantity is zero. 

This shows that, for h = h{l,in), the function B satisfies (HH) - ([T5)) . as required. The calculation for other 
values of h follows in a similar manner (see 0). Hence, we get the following theorem. 

3.1 Theorem. Let A be a character of . Let B{A, OY he the space of smooth functions on H{F), which 
are right l-invariant, satisfy ifT5|) and the Hecke conditions {Hp - Then 



dim(i?(A, ( 



0, if A = no Nl/f and l^^j e {-1,0}; 

1, otherwise. 



(60) 



Note that the condition on A, in the case (^j^ e { — 1,0}, follows from Proposition 13. 8) iv)a) and iv)c). 



3.5 Existence of Bessel model 

In this section we will obtain the existence of a (A, 6')-Besscl model for tt. In case A is a unitary character, we 
will act with the Hecke algebra of H{F) on a non-zero function in B{A, 0)^. We will define an inner product 
on this Hecke module and also show that the Hecke module has a unique, up to a constant, function which is 
right I- invariant (the same function that we started with). This will lead to the proof that the Hecke module 
is irreducible and is isomorphic to tt, thus giving a (A, 6')-Bessel model for tt. 

In case A is not unitary (this can happen only if L = F © F) we will obtain a Bessel model for tt using the 
Whittaker model. 



Hecke module 

The Hecke algebra Ti. of H{F) is the space of all complex valued functions on H{F) which are locally constant 
and compactly supported, with convolution product defined as follows, 

(/i*/2)(5):= j fi{h)f2{h-'g)dh, hi h, f2 e H, g e H{F). (61) 

H(F) 

We refer the reader to [2] for details on Hecke algebras of p-adic groups and Hecke modules. Let A be a 
character of L^ such that B{A,9Y ^ 0. Let B G B{A,OY be the unique, up to a constant, function whose 
values are described in Proposition 13. 81 Define the action oi f G H on B by 

{R{f)B)ig) := J f{h)B{gh)dh. (62) 

H(F) 

This is a finite sum and hence converges for all /. Let 

Vb := {R{f)B :fen}. (63) 

Since R{fi)R{f2)B = R{fi * f2)B, we see that Vb is a Hecke module. Note that every function in Vb 
transforms on the left according to A (g) 6*. 
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Inner product on Hecke module 



Let us now assume that A is a unitary character. Note that, by the comments in the begining of Sect. 13.21 
if L is a field, then A is always unitary. In this case, we will define an inner product on the space Vb- 



3.11 Lemma. The norm 



is Gnitc. In particular, 

vol(I)(l 




{B,B):= j \B{h)fdh 

R{F)\H(F) 



|C„ 



{B,B) = { 



vol(I) (f_,t'L+^--% |Co^ 



vo1(I)(t^ 



^ (l-g--^)(l+i^A((l,ro)))^ 



|Co| 



if mo > 1 ; 
ifmo = 0,(f) 
mo = 0, (f ' 
if mo — 0, 
if mo = 0, 
ifmo^O,ff^ 



-1 OR 

0, A = noNL/p; 

1, c^A((l,n7)) = -l; 
l,o.A((l,n7))^-l. 



(64) 



Here, Cm '■— B{h{0, m)) and the measure is normahzed so that vol{K^) — 1. 
Proof. We have 



\B{h)\^dh= J2 J \B{h)\'^dh 

R{F}\H{F) seRiF)\H{F)/I fnp-)\i^^p)sl 

,2 VOl(I) 



s(^RiF)\HiF)/l j/^j 



E 



\B{s)\' 



seR{F)\H{F)/I 



vol(I,)- 



Here, :— s^^R{F)s n I. To get the last equality, we argue as in Lemma 3.7.1 of lOJ. The volume of Is can 
be computed by similar methods to Sect. 3.7.1, 3.7.2 of [TD|. Now, using the values of B{s) from Proposition 
]H]and geometric series, we get the result (see [5^). ■ 



Let L^{R{F)\H{F),A ® 9) := : H{F) C : smooth, 0(r/i) = A 6l(r)0(/i) for r e R{F),h S 
^(^)^Ir{f)\h(F) I '^('*) 1^ < °°}- The previous lemma tells us that B € {R{F)\H (F) , A 9). 
It is an easy exercise to see that, in fact, for any f E H, we have R{f)B E L'^ {R{F)\H (F) , A (g) 9). Now, we 
see that Vb inherits the inner product from L'^ {R{F)\H (F) , A ^ 9). For /i,/2 G H, we obtain 



{R{h)B,R{h)B)^ j {R{h)B){g){R{h)B){g)dg. 

R{F)\H(F) 



3.12 Lemma. For f eH, define J* eUhy f*{g) = fig-^). Then we have 

(Bi,i?(/)B2> - {R{r)Bi,B2), foranyBi,B2 G Vb- 

Proof. The lemma follows by a formal calculation. 



(65) 



(66) 



Irreducibility of Vb 

3.13 Lemma. Let be the subspace of functions in Vb that are right I-invariant. Then 

dim(Fi) = 1. 
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Proof. We know that Vg is not trivial since B ^ Vg. Let xi G W be the characteristic function of I and 
set /i := vol(I)^ixi- Then, by definition, any B' g Vg, satisfies R{fi)B' = B' . Let / e H be such that 
B' = R{f )B = R{f * fi)B. Here, we have used that B eV^. Then 

B' = R{}i)B' = R{h){R{f * h)B) - * / * fi)B. 

But fi*f*fi E Hi, the Iwahori Hecke algebra. Since B is an eigenfunction of Hi, we see that B' E CB. 
Hence, dim(y^) = 1, as required. ■ 

3.14 Proposition. Let tt = riStGSp4 be the Steinberg representation of H{F), twisted by an unramiEed, 
quadratic cliaracter ft. Let A be a character of L^ such that dim(i3(A, 0)^) = f . Let Vb be as in if53)) . If A 
is unitary, then Vb is irreducible and isomorphic to n. 

Proof. Let us assume, to the contrary, that Vb is reducible. Let W be an 7i-invariant subspace. Let W-^ 
be the complement of W in Vb with respect to the inner product ( , ) defined in ([SS]) . Using Lemma I3.f 21 
we see that W-^ is also 7^-invariant. Write B = Bi + B2, with Bi E W,B2 E . Let /i be as defined in the 
proof of Lemma [3.131 Since W,W^ are 7i-invariant, we see that R{ji)B\ E W and i?(/i)i?2 E W-^. Since 
B is right 1-invariant, we see that Bi — R{fi)Bi and B2 = R(fi)B2. By Lemma [3.131 we obtain, either 
B — Bi OT B = B2. Since Vb is generated by B, we have either W — Vb or W — 0. Hence, we see that Vb 
is an irreducible Hecke module, which contains a unique, up to a constant, vector which is right I-invariant. 
This uniquely characterizes the Steinberg representation of H{F), and hence, Vb is isomorphic to tt. m 



Generic representations have split Bessel models 



Let us now assume that A is not a unitary character. This can happen only if L = _F © _F. In this case, we 
will use the fact that r2StGSp4 is a generic representation. We will now show that any irreducible, admissible, 
generic representation of H{F) has a split Bessel model. 



Let S = 



a 6/2 
6/2 c 



be such that 6^ — 4ac is a square in . One can find a matrix A E GL2(o) such that 



S" := *ASA = 



1/2 



1/2' 



In this case, Ts'{F) := {g E GUiF) : *gS'g = det(5)5'} = A-'^T{F)A. The 



group Ts'{F) embedded in H{F) is given by 

{ 



y 



,yeF-}. 



Let 9' be the character of U{F) obtained from S' and A' be the character of T5/(F) obtained from A. Then 
it is easy to see that tt has a (A, 6')-Bessel model if and only if it has a (A', 6'')-Bessel model. So, we will 
1/21 



assume that S 



1/2 



Let {■7T,V) be an irreducible, admissible representation of H{F). For ci,C2 E F^ , consider the character 
^ci,c2 of the unipotent radical N{F) of the Borel subgroup given by 



1 X * * 

1 * y 
1 

-X 1 



) = V(cia; + C2y). 



The representation tt of H{F) is called generic if Hom^(^) (tt, '0ci,c2) 7^ 0. In this case there is an associated 
Whittaker model 'W{Tr,tpci,c2) consisting of functions H{F) C that transform on the left according to 
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V'ci,c2- For W G yV(7r, ■0ci,c2)j there is an associated zeta integral 

y 



Z{s,W) 



W{ 



FX F 



y 



1 



1 



)\yr^^'dxd^y. 



(67) 



This integral is convergent for Re(s) > sq, where sq is independent of W ( 14J, Proposition 2.6.3). More 
precisely, the integral converges to an element of <C{q~'^), and therefore has meromorphic continuation to all 
of C. Moreover, there exists an L-factor of the form 



such that 



L(s,7r) 



1 



Q{X) e C[Xi Q(0) = 1, 



for all W e Win, V'ci,cJ- 



L{s,tt) 

(This is proved in 1^ Proposition 2.6.4 for vr with trivial central character.) 



(68) 



3.15 Lemma. Let (tt, V) be an irreducible, admissible, generic representation of H{F) with trivial central 
character. Let a be a unitary character of , and let s € C be arbitrary. Then there exists a non-zero 
functional fs.a : — > C with the following properties. 



i) For all x,y, z E F and v E V, 



fsAH 



1 X y 
1 y z 
1 

1 



)v) = ■il){ciy)fs,a{v). 



(69) 



a) For all X E F^ and v E V, 



)v) = a{x)-'\xr+''^f,Av) 



(70) 



Proof: We may assume that V = yV(7r, ■0ci,c2)- Let so G be such that Z{s,W) is absolutely convergent 
for Re(s) > sq. Then the integral 



Z^{s,W)^ J J W{ 

FX F 



y 



1 



)\yr'/'aiy)dxd^y 



(71) 



is also absolutely convergent for Re(s) > sq, since a is unitary. Note that these are the zeta integrals for 
the twisted representation (jtt. Therefore, by the quotient Z„{s,W) / L{s,aTT) is in 'C[q^^,q^] for all 

W E yV(7r, V'ci,c2)- Now, for Re(s) > sq, we define 



fsAW) 



Z„{s,T,{w)W) 
L(s,iT7r) 



where w 



-1 



(72) 



Straightforward calculations show that ((69|l and (|70p are satisfied. For general s, since the quotient ((72|l is 
entire, we can define fs.a by analytic continuation. ■ 
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3.16 Proposition. Let {tt,V) be an irreducible, admissible, generic representation of H{F) with trivial 
central character. Then tt admits a split Bessel functional with respect to any character A of T{F) that 



satisGes A|^^ = 1. 



Proof: As mentioned earlier, we can take S = 
sucli tiiat 



1/2 



1/2 



Let s G C and ct be a unitary character of 



A( 



1 



) = (T(a;)- Vr'^+i/^ for all a; GF' 



Let fs.a be as in Lemma [3. 151 We may assume that ci = 1, so that fs,a{'^{u)v) = 9{u)v for all u G U{F) by 
We have 

X 



1 



1 



)v) ^ K{x)fs,a{v) foraUxG-F' 



(73) 



by ([70]) . Since ^\p^ = 1 we in fact obtain fs,a{T^{t)v) = K{t)fs^^{v) for all t G T{F). Hence fs^cr is a Bessel 
functional as desired. ■ 

Let us remark here that, in the split case, for values of s G C outside the range of convergence of the zeta 
integral, we do not have an explicit formula for the Bessel functional. This, in turn, is also reflected in the 
fact that it is not very easy to define an inner product on the space Vb (defined in (|63p ). although it is 
known that the Steinberg representation is square-integrable. 

Main result on existence and uniqueness of Bessel models 

3.2 Theorem. Let tt ~ flStQSp^ be the Steinberg representation of H{F), twisted by an unramified 
quadratic character Q.. Let A be a character of L^ such that A \px= 1. If L is a field, then tt has a 
(A, 9)-Bessel model if and only if A flo Ni^/p. If L is not a held, then tt always has a (A, 9)-Bessel model. 
In case tt has a (A, 6)-Bessel model, it is unique. 

In addition, if tt has a (A, 9)-Bessel model, then the Iwahori spherical vector of tt is a test vector for the 
Bessel functional if and only if A satisfies the following conditions. 



i) A |i+>p= 1, i.e., c(A) < 1 (see if^) for definition of c(A) ). 
a) If i^j =1 and A is unramified, then A((l,n7)) ^ fl{nj). 



Proof. If TT has a (A, 6')-Bessel model, then it contains a unique vector in B{A,9Y. By Theorem 13. 1[ the 
dimension of B{A, 9Y is one, which gives us the uniqueness of Bessel models. 

Now we will show the existence of the Bessel model. Let A be a character of , with A |i?x = 1, such that, 
if L is a field, A ^ flo Ni^/p . We know, by Proposition 13.11 that dim(i3(A, 6*)^) = 1. If A is unitary, then 
Proposition 13 . 141 tells us that Vb is a (A, 0)-Bessel model for tt. If A is not unitary, then we use the fact that 
TT is a generic representation in the split case. Then ProDOsition l3.1(3l gives us the result. 



The statement regarding the test vector can be deduced from Proposition 
function B corresponds to a test vector if and only if B{\) ^ 0. 



and the fact that a Bessel 
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4 Integral representation of the non-archimedean local L-function 



In this section, using the exphcit values of the Bessel function obtained in Proposition 13.81 we will obtain 
an integral representation of the L-function for the Steinberg representation tt of H{F) twisted by any 
irreducible, admissible representation r of GL2(i^). For this, we will use the integral obtained by Furusawa 
in [3]. Let us briefly describe the setup. 



4.1 The unitary group, parabolic induction and the local integral 



Let G ~ GU(2, 2; L) be the unitary similitude group, whose F-points are given by 

G{F) := {g e GU{L) : 'gjg = M2(g)J, ^2(5) e F><}, 

I2" 



(74) 



where J = 



Note that H{F) = G{F) n GL4(F). As a minimal parabolic subgroup we choose 



the subgroup of all matrices that become upper triangular after switching the last two rows and last two 
columns. Let P be the standard maximal parabolic subgroup of G{F) with a non-abelian unipotent radical. 
Let P = MN be the Levi decomposition of P. We have M = Af^^^M^^), where 



m(i)(f) = { 



C 



1 



CeL^}, m(2)(f) = { 



a (3 
7 i5 



e G(F)}, 



N{F) = { 



1 z 
1 



-z 1 



1 w y 

1 y 
1 

1 



w e F, y,z e L}. 



(75) 



The modular factor of the parabolic P is given by 



<5p( 



1 



a P 
7 S 



) = |7V(C)m"T i^i^aS-P^), 



(76) 



where | • | is the normalized absolute value on F. Let (r, V^) be an irreducible, admissible representation 
of GL2(F), and let xo be a character of such that Xo|j^x coincides with lJt, the central character of 
T. Let us assume that Vr is the Whittaker model of r with respect to the character ip~'^ (we assume that 
c 7^ 0). Then the representation (A, g) I— > xo(A)r(g) of L^ x GL2(F) factors through {(A, A~^) : AeF^},and 
consequently defines a representation of Af(^)(F) on the same space y,- . Let x be a character of , considered 
as a character of Af(^)(_F). Extend the representation x x Xo x ^ of M{F) to a representation of P{F) by 
setting it to be trivial on N{F). If s is a complex parameter, set /(s, x, Xoj t) = Iiidp|^|((5p^"'^^^ x x x xo x r). 

Let (7r,I4-) be the twisted Steinberg representation of H{F). We assume that is a Bessel model for tt 
with respect to a character of R{F). Let the characters Xj Xo and A be related by 



x(C) = A(c)-Vo(C)- 



(77) 



Let W'^{ • , s) be an element of /(s, x, XOi t) for which the restriction of W'^{ • , s) to the standard maximal 
compact subgroup of G{F) is independent of s, i.e., W'^{ - ,s) is a "flat section" of the family of induced 
representations /(s, x, XOi ''")■ By Lemma 2.3.1 of [TD^, it is meaningful to consider the integral 



Z{s) 



W*{'nh,s)B{h) dh, 



(78) 



B.{F)\H{F) 
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where 



1 

a 1 



1 -a 
1 



(79) 



This is the local component of the global integral considered in Sect. 15.21 below. 



4.2 The GL2 newform 

Let us define X(o)(pO) = GL2(o) and, for n > 0, 

if(o)(p") = GL2(o)n 



1 + p" 



(80) 



As above, let (t, Vr) be a generic, irreducible, admissible representation of GL2(F) such that Vr is the '0"'^- 
Whittaker model of t. It is well known that Vr has a unique (up to a constant) vector W^^\ called the 
newform, that is right-invariant under ii''^°^(p") for some n > 0. We then say that r has conductor p". Let 



us normalize W'^^^ so that W'^^\\) = 1. We will need the values of VF'^' evaluated at 
The following table gives these values (refer Sect. 2.4 [TFI). 



1 



for / > 0. 



r 


W^(i)( 


1 


) 


a X (3 with a, f3 unramified, a(3^^ 




^i)-/3(^' + i) 


a X P with a unramified, /? ramified, aP~^ 




supercuspidal OR ramified twist of Steinberg 
OR a X (3 with a,/3 ramified, a(3~^ ^\ 


1 if / = 
if / > 


rj'StGLai with fi' unramified 





We extend VF'-^^ to a function on M^'^\F) via 

M^^'Has) = Xo{a)W^^Hg), a e L"" , g e GL2{F). 



(81) 



4.3 Choice of A and W* 

We will choose a character A of such that tt has a (A, 6')-Bessel model and the Iwahori spherical vector 
is a test vector for the Bessel functional. Noting that A j^^x is the central character of tt and using Theorem 
13.21 we impose the following conditions on A. 

i) A|^x ^ 1 

ii) If L is a field, then A ^ o N]^ /p 
in) c(A) < 1 

iv) If L is not a field and c(A) = 0, then ajA((l, m)) ^ —1. 

Note that this implies that Ajox+tp = 1. For n> 1, let r(*P") be the principal congruence subgroup of the 
maximal compact subgroup if*^ := G(o) of G{F), defined by 

r(<P") := {g eK^ -.g^l (mod <P")}. (82) 
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We prove the following lemma, which will be crucial for the well-definedness of below. 



4.1 Lemma. Let {T,Vr) be a generic, irreducible, admissible representation of GL2(-F) with conductor 
p", n > 0. Set no — max{l, n} and let 



c 



a' 6' 



e M (F) and 



1 z 
1 



-z 1 



1 w y 

1 y 
1 

1 



e N{F). 



Suppose we have A :— rj ^ififirj £ ir(*P"°). Then we get 
i) c' e and a'C^i G 1 + 'P"". 



iij for any 



eGU(l,l;L)(F), 



a' &' 
c' d' 



Proof. Using Lemma [01 i) . it is easy to show that for n > 

X e + and aa: € o + *P" implies x G *P". 



(83) 



First note that ir(<P"") C Mi{o + Looking at the (4, 1), (4, 2) coefficient of A, we see that c', ac' G 

+ By ([83|), we obtain c' € as required. 

Observe that rhh £ and c' e CP"" C *P implies that C,a',d' G o^. The upper left 2x2 block of A is 
given by 

C + oizQ zQ 
aa! — q:(C + azC)) ~ ct-^C 

We will repeatedly use the following fact: 



If a;e o + «P"o, thenx = x (mod (a - a)*P" 



(84) 



For, if X = J/ + with y £ and z e p"", then a; — a; = (a — q:)z. Applying this to the matrix entries of A, 
we get zC^ = zC, (mod (a — a)^"°), and then 

a' - a' EE (a - a)zC (mod (a - a)«P"°), (-(=(«-«)< (mod (a - a)q3"°). (85) 

Using C + az^ = C + "^^C (mod (a — a)*P"°) and (ISK)) . we get from the (2, 1) coefficient of A that 

(a' - C) (a - ") = (mod (a - a)*P"° ) . 

Hence a' — C = (mod ^P""), so that a'C,^^ G 1 + ^P"", as required. This proves part i) of the lemma. 
Looking at the (1, 2) coefficient of A, we see that zC S Looking at the (1, 1) coefficient of A, we see that 



x(C)W^(^n 



x(C)xo(«')w^^'n 

A(r')xo(r')xo(a')H^^'^( 







1 b'/a'' 






c'/a' d'/a' 



) 



-a[b[ 




1 b'/a'' 






c'/a' d'/a' _ 



H/(i)( 



) 
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Here, we have used the fact that A is trivial on + *P, xo is trivial on 1 + Cp"" and the matrix 
lies in K(")(p"«). 



1 b'/a' 
c'/a' d'/a' 



Let no = max{l,n}, as above. Given a complex number s, define the function W^'^(-,s) : G{F) — > C as 
follows. 



i) If g <^ M{F)N{F)tjIT{^"o), then W*{g,s) = 0. 

ii) If ,g mnrjkj with me M{F),ne N{F), A: G I, 7 € TCP""), then W*{g,s) = W*{mr],s). 



iii) For ( e and 



W*{ 



C 



a' b' 
c' d' 

1 



e A/(2)(^), 
[1 

-1 

1 



a' b' 



a' b' 
c' d' 



_ c' d' 
Here ^ — aid! — b'd . 

By Lemma WJ[ we see that is well-defined. It is an element of /(s, x, Xo, t) 



(86) 



4.4 Support of W* 

Let us choose M^'^ as above and B as in Proposition l3.8[ with B{1) = 1. Note that B{1) 7^ by the comments 
in the begining of Sect. 14.31 Then the integral ([75| becomes 



iez,m>o t 



(87) 



where t runs through the double coset representatives from Proposition 13.31 and 



F/'" = Yo\{R{F)\R{F)h{l,m)tl). 

To compute ()87p . we need to find out for what values of l,m,t is rjh{l,m)t in the support of VF'^. Write 
rjh{l,m) — h{l,m)'r]m, where 

1 

nj^a 1 

1 -TO™a 
1 



Since h{l,m) E M{F), we need to know for which values of m,t is rjmt in the support of W^. This is done 
in the following lemma. 



4.2 Lemma. Let t be any double coset representative from Proposition 13.31 Then rjmt lies in the support, 
MiV?7ir(<P"°), ofW* if and only if to = and t = 1. 

Proof. Let us first consider the case m > 0. Note that it is enough to show that r/mt ^ MA^?7ir(^P). For 
any double coset representative t, we have t~^rimt = 1 (mod *P) and hence t~^r]mt & r(*P). So it is enough 
to show that t ^ MNriir{^) for any t. Suppose, there are m G M,n S N such that A — r}~^rhnt E ir(*P). 
Using m,n E and 

*P <P «P o + *p 



ir(<p) c 



(89) 
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we get a contradiction for every t G W. Let us now consider the case m = 0. First let i = 1. Taking 
TO = n = 1, we easily see that 77 e MA^7]ir(*P"''), as required. Now assume that t ^ 1. Suppose, there are 
TO G Af, n G TV such that A ~ rj^^mfirjt G ir(*P). Again, using m,n ^ K'^ and ([55]) we get a contradiction 
for i 7^ 1 (see [5] for details) . This completes the proof of the lemma. ■ 



4.5 Integral computation 

From Lemma [4.21 we see that the integral ([57)) is equal to 

Z{s) = 0), s)B{h{l, 0))Vl'°. 



(90) 



Arguing as in Sect. 3.5 of [J, we get 



(1- f#)'?"')9 



(l + g)2(l + q2) 
From Proposition 13.81 and ([86]) . we get 

B{h{l,0)) = {-u;q-^y, 



q ■ 



W*{r]h{l,0),s) = 



j-3(.+ i)i^^(^-/)^(l)( 



(91) 
(92) 



Let us set C 



- (l+9)^(l+g^) 



We have 

Z{s) = C^(-c^)'(7-3(^+^ V(n7-')VFW( 



i>0 



w 



1 



(93) 



We will now substitute the value of from the table obtained in Sect. 14.21 into ([93]) for all possible GL2 

representations r. 



T — a X p, with a, (3 unramified and a/? 7^ | |* : We get 

Z{s) = C- 



(1 + Lua{m-^)q-^'-^){l + u;P{vJ-^)q-^'-^) 



T — a X P, with a unramified, f3 ramified and ajS ^ 7^ | |*^: We get 

1 



1 + uja(w -^^ ^ 

T = a X P, with a,P ramified and aP^^ 7^ | \^^: We get 

Z(,s) = C. 

T supercuspidal, OR r = ri'StGL2: with il' ramified: We get 



Z{s) = C. 



T — ri'StGL2 5 with n' unramified: We get 

Z(,s) = C 



l + ujn'{w~^)q-^'~^ 



(94) 



(95) 



(96) 



(97) 



(98) 
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Let f denote the contragradient of the representation r. We have the foUowing L-functions for the represen- 
tation TT = r2StGSp4i with Q unramified and quadratic, twisted by f. 

' (1 - f7(n7)a(n7-i)q-''-i)-i(l - l](n7)/3(ro-i)g-"-i)-\ if t = a x /3, a, /? unramified, 

^ 1 

r/'„ J (1 - if r = a X /3, a unramified, 

/3 ramified I 1^^ 

(1 - f7(ro)r2'(tn-i)q-"-i)-i(f - {m-^)q-''-'^)-^ , if r = f^'StGL^,^^' unramified; 

y_ f, otherwise. 

(99) 

From ([94ll - (|99|l . we get the foUowing theorem on the integral representation of L-functions. 



4.1 Theorem. Let tt — fiStcspi be the Steinberg representation of GSp4(F) twisted by an unramified, 
quadratic character ft. Let r be any irreducible, admissible representation of GL2(F). Let Z{s) be the 
integral defined in ^U7\) . Choose B as in Sect. [H and as in Sect. 14.31 Tien we have 

Z(s) = r'(s)L(3s+ i,7r X f), (100) 



where 

C(l + wl7'(n7-i)q-3^~i), if r = Q'StoL^,^' unramified; 
C, otherwise. 



Here C - ^^-(^)''"^^ 



5 Global theory 

In the previous section, we computed the non-archimedean integral representation of the L-function L(s, tt x 
f) for the Steinberg representation of GSp4 twisted by any GL2 representation. In [4], the integral has 
been computed for both tt and r unramified. In [11], the integral has been calculated for an unramified 
representation tt twisted by any ramified GL2 representation r. Also, in |11| . the archimedean integral has 
been computed for tToo a holomorphic (or limit of holomorphic) discrete series representation with scalar 
minimal if -type, and Tqo any representation of GL2(M). In this section, we will put together all the local 
computations and obtain an integral representation of a global L-function. We will start with a Siegel 
cuspidal newform F of weight I with respect to the Borel congruence subgroup of square-free level. We will 
obtain an integral representation of the L-function of F twisted by any irreducible, cuspidal, automorphic 
representation r of GL2(A). When r is obtained from a holomorphic cusp form of the same weight / as F, 
we obtain a special value result for the L-function, in the spirit of Deligne's conjectures. 



5.1 Siegel modular form and Bessel model 

Let M be a square-free positive integer and I be any positive integer. Let 

* * * 



B{M) := {g e Sp^{Z) : g = 



^ ^ ^ ^ 

0** 
* 



(mod M)}. 



Let L" be a Siegel newform of weight I with respect to B{M). We refer the reader to Sect. 8 of [TS] or [T7] 
for definition and details on newforms with square-free level. The Fourier expansion of F is given by 



FiZ) = J2AiTy 

T>0 



,2niti(TZ) 
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where T runs over all semi-integral, symmetric, positive definite 2x2 matrices. We obtain a well-defined 
function $ = <i>i? on H{A), where A is the ring of adeles of Q, by 



{h^y det{ J {hoo,il2)r'F {ho, {ih)), 



(101) 



where 7 G H{Q), hoo G i?^(M), /cq G H H{'Lp) J| Ip. Let Vp be the space generated by the right translates 

p\M p\M 

of and let -kf be one of the irreducible components. Then irp — ^TTp, where tTqc is a holomorphic discrete 
series representation of H{M.) of lowest weight {I, I), for a finite prime p \ M, iTp is an irreducible, unramified 
representation of H{Qp), and for p \ M, iTp is a twist r2pStGSp4 of the Steinberg representation of ff(Qp) by 
an unramified, quadratic character f2p. 



For a positive integer D = 0,3 (mod 4), set 



S{-D) = 



f 

1 

1 + D 1 
4 2 

i 1 



ifi:> = (mod 4), 
if Dee 3 (mod 4). 



(102) 



Let L = Q{y/^) and r(A) ~ be the adehc points of the group defined in Let R{A) = T{A)U{A) 
be the Bessel subgroup of H{A). Let A be a character of 



r(A)/T(Q)T(R) H T{Zp) l[ T°, 

p\M p\M 

where, T(Zp) = T{%) n GL2(Zp) and T^" = T{Zp) n po. Here = {g e GL2(Zp) : g ; 

Note that, under the isomorphism (fT^ . corresponds to +^0^^, where Ol^ is the ring of integers of 
the two dimensional algebra L (X)q Qp. Let ■)/' be a character of Q\A that is trivial on Zp for all primes p and 
satisfies V'(^) = e"^'^*^ for all a; G R. We define the global Bessel function of type (A, 0) associated to $ by 



* 



(103) 



(mod pZp)}. 



B-^{h) 



{K®e){ry^^{rh)dr, 



(104) 



Zff(A)fl(Q)\_R(A) 



where 



1 X 
1 



) — il){iT{SX)) and $(ft.) = *i'(^)- If is non-zero, then B± is non-zero for any G tt^?. We 



say that Tip bas a global Bessel model of type (A, 9) if B^ 7^ 0. We shall make the following assumption on 
the representation T:p. 



Assumption: np has a global Bessel model of type (A, 0) such that 



Al: —D is the fundamental discriminant of Q(-\/"^i5). 
A2: A is a character of (|103p . 

A3: For p \ M, if i (g) Qp is split and Ap is unramified, then r2p(ci7p)Ap((l, vup)) ^ 1. 



5.1 Remark. In 3, jlOf . Ji Jf and jl5f . non-vanishing of a suitable Fourier coefRcient of F is assumed, while 
in ll'Jjj . the existence of a suitable global Bessel model for np is assumed. Let us explain the relation of 
the above assumption to non-vanishing of certain Fourier coefficients of F . Let {tj} he a set of represen- 
tatives for il03\) . One can take tj G GL2(Af). Write tj = jjmjKj, with jj G GL2(Q),mj G GLJ(M) and 
Kj G nptJ\/GL2(Zp)np|Mrp- Set 5*^ := det{-/j)-^*-fjS{-D)-fj. Note that {Sj}j is a subset of the set of 
representatives of r°(M) equivalence classes of primitive, semi-integral positive definite 2x2 matrices of 
discriminant —D. 



29 



From 113 or {T^, we have, for h^o e H+{R), 

B^{h^) = /i2(/»oo)' det(J(/ioo, e-2-tr(5(-D)h^) ^ A(t, ^ AOS^) , (105) 

i 

and Bq,{hoo) = for /loo ^ -ff+(K). Suppose that there is a semi-integral, symmetric, positive definite 2x2 
matrix T satisfying 

i) ~D — det(2r) is the fundamental discriminant of L 
a) T is T^{M) equivalent to one of the Sj. 
Hi) The Fourier coefficient A{T) ^ 0. 

Then it is clear from ()105)) that one can choose a A such that parts Al, A2 of the assumption are satisfied. 
If M = 1 (as in jlOf . jllf ) or, every prime p \ M is inert in L (as in [15]), then {Sj}j is the complete set 
of representatives of r°(M) equivalence classes and hence, condition i) above implies condition ii) to give 
the assumption from jlOf . jllf and jl5f . We have to include part A3 of the assumption to guarantee that 
the Iwahori spherical vector in Wp, for p \ M, is a test vector for the Bessel functional. 

Let us abbreviate a(A) = For h e H{A), we have 

B^{h) = ^)l[Bpihp), 

p 

where, Boo is as defined in [IT], for a finite prime p f M, Bp is the spherical vector in the (Ap, ^pj-Bcsscl 
model for TTp, and for p \ M, Bp is the vector in the (Ap, 0p)-Bessel model for TTp defined by Proposition 13.81 
and 13.101 For p < oo , we have normalized the Bp so that -Bp ( 1 ) = 1 . 

5.2 Global induced representation and global integral 

Let T — (g)Tp be an irreducible, cuspidal, automorphic representation of GL2(A) with central character tOr- 
For every prime p < oo, let p"p be the conductor of Tp. For almost all p, we have rip = 0. Set N = YipP"''- 
Choose h to be any weight occurring in Too. Let xo be a character of such that xoIax — and 
Xo,oo(C) = C'^ for any C, ^ . Here, h depends on li and I by the formula 

( li-2l iil<li, 
1 -^1 iil>li 

as in JJJ. The existence of such a character is guaranteed by Lemma 5.3.1 of [1 Ij . Define another character 
X of by 

Let /(s, xoj Xi ''') be the induced representation of G{A) obtained in an analogous way to the local situation 
in Sect. 14. ll We will now define a global section /A(ff, s). Let us realize the representation r as a subspace of 
i^(GL2(Q)\GL2(A)) and let / be the automorphic cusp form such that the space of r is generated by the 
right translates of /. The function / corresponds to a cuspidal Hecke newform on the complex upper half 
plane. Then, / is factorizable. Write / = (8)/p such that /oo is the function of weight h in Too- For p < oo, 
fp is the unique newform in Tp with /p(l) = 1. Using xo, extend / to a function of GU(1, 1; L)(A). 

For a finite prime p, set 

r G(Zp), ifp]MN; 

K^:^ { ir((pOLj"-«), i{p\M; 

[ H{'Lp)T{{poLX^), '^^p\N,p\M. 
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Here, in the second case, — max(l. Hp). Set K^{AI, N) = Yl ^-^d let Koo be the maximal compact 

p<oo 

subgroup of G(M). Let rj be the element of G{Q) defined in ((7^ . Let riM,N be the element of G(A) such 
that the p-component is given by rj for p \ MN and by 1 for p\ MN. For s E C, define /a( • , s) on G(A) by 

i) /a(.9, s) - if .9 ^ M(A)Ar(A)r/Af,Ari^ooif°(M, N). 

ii) If m = TOir7i2, G Af(*)(A), n G A^(A), fc = fcofcoo, fco G K^{M,N), koo e i^oo, then 



fAimnr]M,Nk, s) = 5j, {m)x{mi) J [-012) f {koo) ■ 
Recall that Sp{mim2) = |-/Vl/q(toi)mi(™2)^"^P- 



(106) 



Here, Af(^^(A), Af*^^)(A), A^(A) are the adelic points of the algebraic groups defined by ((75)) and / is the 
function on Koo defined in llj as follows 

f(n^ = / ^(5)'^"' det(J(g, zl2))-', if I < h; 
^^^^ 1 c(5y-'idet(J(g,*l2))-', if;>Zi. 



Here, we have J{g*g,il'2 



a{g) Kg) 
c{9) d{g) 



As in [11 , it can be checked that /a is well-defined. For Re(s) 



large enough we can form the Eisenstein series 



E{g,s;fA)-= ^ /a(75,s). 

76PO 



(107) 



In fact, E{g, s; /a) has a meromorphic continuation to the entire plane. In [3], Furusawa studied integrals of 
the form 

Z{sJa,4>)= j E{h,s-fA)4>{h)dh, (108) 

i/(Q)ZH(A)\if(A) 

where G T^-- Theorem (2.4) of 4 , the "Basic Identity", states that 



Z{s,fA,' 



Wf^{r]h,s)B4h) dh, 



(109) 



H( 



where is the Bessel function corresponding to <f> and W/^ is the function defined by 

"1 



WfA9)= f /a( 



1 X 
1 

1 



g^^{cx)dx, g G G(A). 



The function Wf^^ is a pure tensor and we can write W/^(g, s) — Hp W^jf (Sp; s)- Then we see that is as 
defined in llj. For a finite prime p | M, the is the function defined in Sect. 4.5 of [TT]. For p \ M, the 
W* is as in Sect. HH It follows from (fTM| that 

Z(s,/a,I>)- n Zpi3,W*,Bp), 

p<oo 



W/(7//l,s)Sp(/l) d/i. 



where 

Zpis,W*,Bp)= J ..p 
fl(Qp)\H(Qp) 

When p \ MN,p < 00, the integral Zp is evaluated in [4'. For p = 00 or p | Af,p | M, the integral Zp is 
calculated in Theorems 3.5.1 and 4.4.1 of [H]. For p \ M, the integral Zp is calculated in Theorem 14.11 
Putting all of this together we get the following global theorem. 



31 



5.1 Theorem. Let F be a Siegel cuspidal newform of weight I witli respect to B{M), where I is any positive 
integer and M is square-free, satisfying the assumption stated in Sect. 15. Jl Let $ be the adehc function 
corresponding to F, and let irp be an irreducible component of the cuspidal, automorphic representation 
generated by <i>. Let t be any irreducible, cuspidal, automorphic representation of GL2(A). Let the global 
characters x, Xo a-Jid A, as well as the global section /a G I{s, x, xo, t), be chosen as above. Then the global 
integral il08p is given by 



z(s,/aJ)- ( n ^p(^) 



i(3s+ i,7r X f) 



p<oo 



L(6s + 1, cj7 )i(3s + 1, f X AI{A)) 



ith 



Y^{s) = a{Ay+'^^TTD-''- 



(4^) 



r(3s + / - 1 + f )r(3s + 1-1- f) 



6S + 21 + I2-1 r(3s + ;-^-i; 



(110) 



(111) 



Here, AX (A) is the automorphic representation of GL2(A) obtained from A via automorphic induction. The 
factor Yp{s) is one for p \ MN. For p | M,p \ N, the factor Yp{s) is given in Theorem 3.5.1 of 'Jll For 
p \ M, we have Yp{s) = Lp(6s + 1,uj~J-)L{3s + l,fpX AI{Ap))Y^{s), where Y^{s) is given in Theorem WH 
The number r and a"*" are as in the archimedean calculation in JJ J| . and the constant a (A) is defined in Sect. 
O 



5.3 Special values of L-functions 

In this section, we will use Theorem 15. II to obtain a special value result for the L- function in the case that r 
corresponds to a holomorphic cusp form of the same weight as F. Let ^ e Si{N, x'), the space of holomorphic 
cusp forms on the complex upper half plane f)i of weight / with respect to Tq{N) and nebentypus x' ■ Here 
N = rip-P"'' is any positive integer and x' is a Dirichlet character modulo N. "if has a Fourier expansion 



*(2) = ^fo„e 
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We will assume that ^ is primitive, which means that is a newform, a Hecke eigenform and is normalized 
so that bi — 1. Let uj — ^ujp be the character of A^/Q^ defined as the composition 



A^ 



p<oo p\N p\N 



X X 



Let i4:(°)(Af) := f] K'^^Hp"") U GL2(Zp) with the local congruence subgroups i4:(°)(p") = GL2(Zp) n 



p\N 



l+p"Zp Zp 

p'^Zp Zp 



as in jSOl). Let Ko{N) := J] A'o(p"'') 11 GL2(Zp), where ifo(p") = GL2(Zp) n 

p\N p\N 



Evidently, K'-°\N) C Ko{N). Let A be the character of Kq{N) given by 



a b 
c d 



:= J|tJp(ap). 

p\N 



(112) 



With these notations, we now define the adelic function by 

. , ^ , det(TO)'/2 _^ /m + /3 



where 70 G GL2 



j, m = 



a f3' 
7 5 



{--fi + sy v 72 + (5 / ' 



e GLJ(M) and k e Ko{N). Define a character xo, as in the previous 



section, with I2 = —I. Using xo: extend to a function on GU(1, 1; L)(A). We can take / = in 
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()106|) and obtain the section /a. Now, Lemma 5.4.2 of 11] gives us that, for g E G+(M), the function 
^2(5)"' det( J(g, zl2))'£^((7, s; /a) only depends on Z = g{il2)- Let us define the function £ on H2 := {Z e 
M2(C) : i{*Z — Z) is positive definite} by the formula 

£{Z, s) = ^l2ig)-' det(J(5,a2))' E{g, £ + 1 - 1; /a), (113) 

where g E G+(M) is such that g{il2) = Z. The series that defines £{Z,s) is absolutely convergent for 
Re(s) > 3—1/2 (see [?])• Let us assume that I > 6. Now, we can set s = and obtain a holomorphic Eisenstein 
series £{Z,0) on H2. Let T'^{M,N) := G{Q) D G+ {R)K'^ {M, N). We have T'^ (M , N) (1 H (Q) = B{M). 
Then £{Z, 0) is a modular form of weight I with respect to r'^(M, N). Its restriction to ()2, the Siegel upper 
half space, is a modular form of weight I with respect to B{M). By 6J, we know that the Fourier coefficients 
of £{Z^ 0) are algebraic. 

Set V{M) :— [Sp4(Z) : B{M)\ ^ and define, for any two Siegel modular forms Fi, F2 of weight I with respect 
to B{M), the Petersson inner product by 

{Fi,F2) = ^V{M) J F(Z)'W(Z){det(Y)y-^ dX dY. 

S(M)\I,2 

Arguing as in Lemma 5.6.2 of [TT] or Proposition 9.0.5 of [TQ, we get 

Z{'^-^Ja,^)^{£{Z,0),F). (114) 

Let T^^^M) := {g E Sp4(Z) : g = 1 (mod M)} be the principal congruence subgroup of Sp4(Z). Let 
us denote the space of all Siegel cusp forms of weight I with respect to T'-^^AI) by 5;(r(^)(M)). For a 
Hecke eigenform F E Si{T'^^'> (M)), let Q{F) be the subfield of C generated by all the Hecke eigenvalues 
of F. From ^ p. 460], we see that Q{F) is a totally real number field. Let Si{T^'^\M),Q{F)) be the 
subspace of 5;(r'^'(M)) consisting of cusp forms whose Fourier coefficients lie in Q{F). Again by [5, p. 460], 
5i(r(2)(A/)) has an orthogonal basis {F,} of Hecke eigenforms F, E Si{T^'^^M), Q{F^)). In addition, if F is 
a Hecke eigenform such that F E S';(r''^-' (M), Q(F)), then one can take Fi = in the above basis. Hence, 
let us assume that the Siegel newform F of weight I with respect to B{M) considered in the previous section 
satisfies F E 5;(r(2)(Af), Q(F)). Then, arguing as in Lemma 5.4.3 of [TU], we have 

where Q is the algebraic closure of Q in C. Let := (SL2(Z) : ri{N))-^ J \'i'{z)\'^y'^-'^ dx dy, 

ri{N)\t)i 



where Ti(N) := { 
4.8.3 of [1]. 



a b 



E ro(A^) : a,d= 1 (mod N)}. We have the following generalization of Theorem 



5.2 Theorem. Let l,M be positive integers such that I > 6 and M is square-free. Let F he a cuspidal Siegel 
newform of weight I with respect to B{M) such that F E 5;(r'^^^(M), Q{F)), satisfying the assumption from 
Sect. 15.11 Let ^ E Si {N, x') be a primitive form, with N — Y[ P^'' , any positive integer, and x' 1 ^.ny Dirichlet 
character modulo N . Let ttf and Tip be the irreducible, cuspidal, automorphic representations of GSp4(A) 
and GL2(A) corresponding to F and 4*. Then 

L(^ - 1, TTF X f*) 

Proof. Arguing as in the proof of Theorem 5.7.1 of [11], together with (|114p and (|115p . we get the theorem. 

■ 

Special value results like the one above have been obtained in [T] , [3] , [TD] , [TT] and [TS] . 
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